Abstract. In this paper we consider the question of when the space Cp(X) of continuous real-valued functions on X with the pointwise convergence topology is countable dense homogeneous. In particular, we focus on the case when X is countable with a unique non-isolated point ∞. In this case, Cp(X) is countable dense homogeneous if and only if the filter of open neighborhoods of ∞ is a non-meager P -filter.
Introduction
All spaces considered are assumed to be Tychonoff. A space X is countable dense homogeneous (CDH, henceforth) if X is separable and every time D, E ⊂ X are countable dense subsets, there is a homeomorphism h : X → X such that h[D] = E. Among examples of CDH spaces we have the Euclidean spaces, the Hilbert cube and the Cantor set. For updated surveys on CDH spaces, see sections 14, 15 and 16 of [2] ; and [10] .
One of the most notable open problems in the theory of CDH spaces is the existence of metric CDH spaces that are not Polish, this was Problem 6 in [6] . This problem was solved in [5] where the authors construct a meager-in-itself CDH subspace of the reals. Later, another example of a CDH non-Polish subspace of the reals that is a Baire space was given in [9] .
Another related result is that R κ is CDH if and only if κ < p. This result was proved in two steps: first Steprāns and Zhou ( [19] ) proved sufficiency and later Hrušák and Zamora-Avilés ( [11] ) proved necessity.
Hence, it is natural to consider the space C p (X) of real-valued continuous functions defined on X, with the topology of pointwise convergence. In 2016, after my first seminar talk at UAM Iztapalapa, I was asked the following question.
Question (Vladimir Tkachuk) When is C p (X) CDH?
We start with some general remarks in Section 2. After this, in Section 3, we define a class of spaces to which we will restrict for the rest of the paper. The rest of the paper is devoted to proving the next result.
When the author of this paper was working on the proof of sufficiency in Theorem 1.2, he consulted the paper [19] to look for ideas for the proof. It was then when this author noticed that the proof of Theorem 4 of that paper had a gap. Theorem 4 of [19] is precisely the statement that X κ is CDH when X is either [0, 1], 2 ω or R and κ < p. In that paper the authors use a σ-centered poset that forces a homeomorphism h : X κ → X κ and their intention is that h[D] = E when D and E are two given countable dense sets. However, after analyzing the proof carefully, it does not seem that the equality h[D] = E necessarily hold.
After completing the proof of Theorem 1.2, the author of this paper noticed that he could provide a correct proof of the Steprāns-Zhou result by using a similar argument. Thus, in section 6 we include a such a proof
General remarks
First, let us state some properties of C p (X). Recall that C p (X) is a subspace of R X with the product topology.
2.1. Theorem Let X be a Tychonoff space. 
1, p. 26] C p (X) is metrizable if and only if X is countable
For separable metric spaces, Baire category gives us some constraints on which spaces can be CDH. First, every CDH space is a topological sum of homogeneous, CDH spaces. A homogeneous space can be either meager (countable union of nowhere dense sets) or a Baire space. If X is meager, separable and metrizable, it was proved by Fitzpatrick and Zhou [7, Lemma 3.2] that X has a countable dense set that is of type G δ . From this, it follows that a meager, separable and metrizable CDH space has to be a λ-set, that is, all countable subsets are of type G δ . If X is countable, then C p (X) is metrizable and these Baire category results apply. Since C p (X) contains topological copies of the reals, it cannot be a λ-set. Thus, if X is a countable metric space with at least one non-isolated point, then C p (X) is meager (because X contains a non-trivial convergent sequence) and cannot be CDH. Thus, the following holds.
Proposition
Let X be a countable metric space. Then, C p (X) is CDH if and only if X is discrete.
We can also say something of σ-compact spaces using the following result of Tkachuk. [20, 3.16] Let X be an uncountable, σ-compact, separable metric space. Then there exists a countable dense set of C p (X) that has no non-trivial convergent sequences.
Theorem

Corollary
Let X be an uncountable, σ-compact, separable metric space. Then C p (X) is not CDH.
Proof. By Theorem 2.3, C p (X) has a countable dense set D with no non-trivial convergent sequences. Since C p (X) contains copies of the reals, it also contains many non-trivial convergent sequences; choose one S. Then D ∪ S is also countable dense. But D and D ∪ S are not homeomorphic. The conclusion follows.
For the sake of completeness, we include the following questions which the author was not able to answer.
Question
Let X be Polish and uncountable (e.g., the irrationals). Is there a countable dense set of C p (X) that has no non-trivial convergent sequences? 2.6. Question Is there any non-discrete metrizable space X such that C p (X) is CDH?
Let us focus our attention on the case when X is countable but not metrizable. In this case, C p (X) can be embedded as a dense subset of the infinite-dimensional metric space R ω . So perhaps, it is possible to find an example of an X where it is possible to prove that C p (X) is CDH with respect to R ω , that is, given D, E ⊂ C p (X) countable dense it might be possible to construct a homeomorphism h :
After the discussion regarding Baire category above, the first natural question is whether there is a countable space X such that C p (X) is a Baire space. It turns out that this question has already been answered in the affirmative. In the next section we discuss this with more detail.
Spaces with a unique non-isolated point
Given a filter F ⊂ P(ω), consider the space ξ(F ) = ω ∪ {∞}, where every point of ω is isolated and every neighborhood of ∞ is of the form {∞} ∪ A with A ∈ F . All of our filters will be free, that is, they contain the Fréchet filter. In this case, ξ(F ) is Hausdorff and ∞ is not isolated. When F is the Fréchet filter, ξ(F ) is homeomorphic to a convergent sequence. Clearly, a space X is homeomorphic to a space of the form ξ(F ) if and only if X is a countable space with a unique non-isolated point.
A filter in ω is a subset of P(ω) so it can also be viewed as a subset of the Cantor set via the identification of a subset with its characteristic function. It turns out that a characterization of when C p (ξ(F )) is a Baire space is related to this topology.
3.1. Lemma [17, Theorem 6.5.6, p. 391] Let F ⊂ P(ω) be a free filter. Then C p (ξ(F )) is a Baire space if and only if F is non-meager (as a subset of the Cantor set).
Naturally, it is possible to ask when a free filter is CDH. At first, this seems to be another problem entirely but surprisingly it will be related to our problem. Recall that a filter F ⊂ P(ω) is a P -filter if every time {F n : n < ω} ⊂ F there exists F ∈ F such that F \ F n is finite for all n < ω. [8, 12] Let F ⊂ P(ω) be a free filter, and consider the Cantor set topology in P(ω). Then F is CDH if and only if F is a non-meager P -filter.
Theorem
Non-meager P -filters are a natural generalization of P -points; it is still an open question whether they exist in ZFC but if they don't exist, then there is an inner model with a large cardinal, see [4, section 4.4 .C].
In the remainder of this section the author would like to convince the reader that the spaces C p (ξ(F )) and F ω are very similar. Perhaps one of the first objections to this claim is the fact that C p (ξ(F )) is connected (in fact, arcwise connected) dense subset of the Hilbert cube and F ω is zero dimensional space. So let us consider the following set that is zero dimensional.
We will show that C p (ξ(F ), 2 ω ) and F ω are not only similar but they are homeomorphic (Theorem 3.5).
3.3. Lemma Let F ⊂ P(ω) be a free filter. Then F × 2 is homeomorphic to F .
Proof. If F is the Fréchet filter, then it is homeomorphic to the rationals Q and Q × 2 ≈ Q. So assume there is X ∈ F such that ω \ X is infinite. Let ω \ X = {x m : m < ω} be an enumeration.
Consider F ⊂ 2 ω the set of characteristic functions of elements of F , which is homeomorphic to F . Consider the clopen set
Now we define ψ : 2 ω → 2 ω for f ∈ 2 ω as follows:
It is easy to see that ψ is an embedding with image U 0 . From X ∈ F it is easy to see that
Then we have expressed F as the union of two proper clopen subsets U 0 ∩ F and U 1 ∩ F , each homeomorphic to F . This easily implies the statement of the lemma.
For F ⊂ P(ω), let F (ω) the set of all subsets of ω × ω of the form {{n} × A n : n < ω}, where {A n : n < ω} ⊂ ω. It is easy to see that F (ω) is a filter on ω × ω and it is homeomorphic to F ω with the product topology. First, notice that if X ⊂ 2 ω is a meager space, then X ω is also meager. Write X as a union of countably many closed and nowhere dense sets X = {F n : n < ω}. Then X ω = {F n × X ω\{0} : n < ω} where each F n × X ω\{0} is closed and nowhere dense in X ω . From this, it follows that if F (ω) is non-meager, then F is non-meager as well. Now, assume that F (ω) is a P -filter. Let {A n : n < ω} ⊂ F , we wish to obtain a pseudointersection. For each n < ω, let B n = ω×A n , this is an element of F (ω) . Let B be a pseudointersection of {B n : n < ω}. Now, define A = {k ∈ ω : k, m ∈ B}, we shall prove that A is a pseudointersection of {A n : n < ω}.
Lemma Let
Fix n < ω. Now, consider k ∈ A \ A n . Then there is a minimal m k < ω with k, m k ∈ B and also k, m / ∈ B n for all m < ω. Thus, k, m k ∈ B \ B n . Since there are only finitely many elements in B \ B n , there are only many finitely elements in A \ A n . This proves that A is indeed the pseudointersection we were looking for.
Moreover, the function that sends each f ∈ C p (ξ(F ), 2) to the function x → 1 − f (x) is a homeomorphism. Thus, we may only consider functions that send the limit point F to 1:
Each function in C p (ξ(F ), 2) is completely defined by its restriction to ω. The restriction of the set of functions {f ∈ C p (X, 2) : f (F ) = 1} is then the set of characteristic functions of elements of F , which is homeomorphic to F as a subset of the Cantor set. Then
Applying Lemma 3.4 and Theorem 3.2, we obtain the following result.
3.6. Corollary Let F ⊂ P(ω) be a free filter. Then C p (ξ(F ), 2 ω ) is CDH if and only if F is a non-meager P -filter. Now we turn back to the original problem. The rest of our paper will consist on giving a proof of the following result, which is a more explicit restatement of Theorem 1.2.
3.7. Theorem Let F ⊂ P(ω) be a free filter. Then C p (X) is CDH if and only if F is a a non-meager P -filter.
Once we have proved this result, this will be the first (consistent) example of a metrizable, non-Polish, arcwise connected, infinite dimensional, CDH space.
Before we close this section, we include other definitions that we will need for the proof of Theorem 3.7.
The Hilbert cube is the countable infinite product of closed intervals of the reals; we will find it convenient to work with
ω and the pseudoboundary is B(Q) = Q\s. Consider the set of functions in the Hilbert cube that F -converge to 0:
and those that only take values in the pseudointerior
By [13, Lemma 2.1], it easily follows that C F is homeomorphic to C p (ξ(F )). Thus, instead of working with the pair of spaces C p (ξ(F )) ⊂ R ξ(F ) , we will work with C F ⊂ s.
A family of closed, non-empty subsets A = {A s : s ∈ 2 <ω } of a compact space X will be called a Cantor scheme on X if (a) for every s ∈ 2 <ω , A s = A s ⌢ 0 ∪ A s ⌢ 1 , and (b) for every f ∈ 2 ω , {A f ↾n : n < ω} is exactly one point.
Let 1 ∈ 2 ω be the constant function with value 1 and consider the set
of all finite sequences that are either constant equal to 1 or empty.
Proof of necessity in Theorem 3.7
In this section, we prove that if C p (ξ(F )) is CDH, then the filter F must be a non-meager P -filter.
In [12, Theorem 10] , the authors give several topological characterizations of non-meager P -filters. One of then is what they call the Miller property: A space X has the Miller property if every time Q ⊂ X is crowded and countable, there exists a crowded subset C ⊂ Q such that C has compact closure in X.
Lemma [12, Lemma 7]
Let F ⊂ P(ω) be a free filter that is non-meager. Let P a countable crowded subspace of F such that P has a pseudointersection in F . Then there exists a crowded Q ⊂ P and z ∈ F such that for every x ∈ Q, z ⊂ x.
The following result is a function space-version of the arguments given in [12] .
Proposition
Let F ⊂ P(ω) be a free filter that is non-meager. There is a countable dense set D ⊂ C p (ξ(F )) such that for every crowded P ⊂ D there is a crowded subset Q ⊂ P that has compact closure in C p (ξ(F )).
Proof. We will work on C F . We define D to be the set of functions f : ω → (−1, 1) such that there is a finite set
Clearly, D is countable and dense in s. Moreover, D ⊂ C F because every function in D is equal to 0 in a cofinite set.
Let P ⊂ D be crowded. First, we will find a sequence {J n : n < ω} of closed subintervals of [−1, 1] and a crowded subset P ′ ⊂ P such that P ′ ⊂ n<ω J
• n . We define these intervals and P ′ = {p n : n < ω} recursively. It is easy to construct a function ψ : ω → ω such that ψ(n) < n if n > 0 and ψ −1 (n) is infinite for all n < ω. The reason we are considering this function is to make {p m : m < ω, ψ(m) = n} a sequence converging to p n for all n < ω. Let ρ be a metric in s.
For n = 0, let p 0 ∈ P be arbitrary and let J 0 be any non-degenerate closed interval centered at 0 such that p 0 (0) ∈ J • 0 and J 0 ⊂ (−1, 1). So assume that 0 < n < ω and we have constructed {p i : i < n} ⊂ P such that
• if i, j < n, then p i (j) ∈ J
• j and J j ⊂ (−1, 1); and
So we need to choose p n and
ω\n such that ρ(p ψ(n) , p n ) < 1/(n + 1). Finally, let J n+1 ⊂ (−1, 1) be a closed interval centered at 0 that contains {p i (n) : i ≤ n} in its interior. This completes the construction of P ′ . Fix n < ω for the moment. It is not hard to construct a centered scheme A n = {A n s : s ∈ 2 <ω } with the following properties:
<ω , {p i (n) : i < ω} is disjoint from the set of endpoints of A n s . Then, define a continuous function ϕ n : 2 ω → J n such that ϕ n (x) is the unique point in the set i<ω A n x↾i . Notice that the following properties hold.
(1) ϕ n (1) = 0, and (2) for all 0 < i < ω, ϕ n [1↾ i ] is a closed interval of length < 1/i that contains 0 in its interior.
Consider the continuous function ϕ :
It is easy to see that |ϕ
Let B = {x n : n < ω} ⊂ ω × ω be the element corresponding to A under this homeomorphism. Since every element of P ′ is equal to 0 in cofinitely many coordinates, it is easy to argue that every x n ∈ B, n < ω has the property that there is m n < ω
Since F contains all cofinite sets, B ⊂ F (ω) . By (a) in Lemma 3.4, F (ω) is non-meager. Also, B is crowded since it is homeomorphic to P ′ . Notice that
. From Lemma 4.1, there is a crowded subset C ⊂ B and y ∈ F (ω) such that y ⊂ x for all x ∈ C. Now, we have to go back to ( n<ω J n ) ∩ C F , let Q the set that corresponds to C under the homeomorphisms considered. Then Q is a crowded subset of P and we claim that it has compact closure in C F . Since n<ω J n is compact, the closure of Q in s is compact. Then we only have to prove that the s-closure of Q is contained in C F .
For each 1 ≤ n < ω, let y n = {k < ω : ∀i ≤ n( i, k ∈ y)}. Since y ∈ F (ω) , it follows that y n ∈ F for all n ≤ ω. If q ∈ Q and k ∈ y n for some n < ω, then q(k) ∈ ϕ n [1↾ n ]. So if f is in the pointwise closure closure of Q, then f (k) ∈ ϕ k [1↾ n ] for k ∈ y n . By condition (2), ϕ k [1↾ n ] has diameter less than 1/n and contains 0. Thus, for all f in the s-closure of Q, y n ⊂ {k < ω : |f (k)| < 1/n)}, so {k < ω : |f (k)| < 1/n} ∈ F . Since this holds for all n < ω, it follows that f ∈ C F . This completes the proof.
Proof of necessity in Theorem 3.7. Let F ⊂ P(ω) be a free filter such that C p (ξ(F )) is CDH. Since C p (ξ(F )) contains a copy of R, we can argue like in Proposition 2.2 that it cannot be meager. Since C p (ξ(F )) is homogeneous, it follows that it is a Baire space. By Lemma 3.1, we obtain that F is non-meager.
We will next prove that C p (ξ(F )) has the Miller property. Let Q ⊂ C p (ξ(F )) be crowded and countable. Let D be the countable dense set from Proposition 4.2.
is a countable crowded subset of Q with compact closure in C p (ξ(F )).
Let us define e : F → C p (ξ(F )) in the following way. For every A ∈ F , e(A) : ξ(F ) → R is the function such that e(A)(F ) = 1 and e(A) [12, Theorem 10] , this implies that F is a non-meager P -filter.
Proof of sufficiency in Theorem 3.7
In this section we prove the other direction of our main Theorem 3.7. What we will actually do is prove that C F is CDH with respect to Q whenever F ⊂ P(ω) is a non-meager P -filter. This means that given D, E countable dense subsets of C F , there is a homeomorphism h :
In order to achieve this, we will use the fact that the theory of homeomorphisms in compact metric spaces is well-understood. For a compact space X, H(X) denotes the set of all autohomeomorphisms of X. Given a metric ρ on X it is possible to define a metric on H(X) by ρ(f, g) = sup{ρ(f (x), g(x)) : x ∈ X}, when f, g ∈ H(X), which makes H(X) a complete metric space. This discussion can be found in [17] .
One of the advantages of considering H(X) as a topological space is that we can construct complicated homeomorphisms by taking limits of more simple homeomorphisms. The main tool that we use in this paper is the following result, which is called the Inductive Convergence Criterion.
5.1. Theorem [17, 1.6.2] Let X, ρ be a compact metric space and {h n : n < ω} ⊂ H(X). Then, for every n < ω there exists a number ǫ n > 0 that only depends on {h k : k < n} such that the following implication holds: if ρ(h n , 1 X ) < ǫ n for all n < ω, then h = lim n→∞ (h n • · · · • h 0 ) exists and belongs to H(X).
Thus, when we construct a homeomorphism by recursion, at every step n < ω we have to consider the value of ǫ n in order to choose h n . However, in our constructions we will not worry about the precise value of this ǫ n and simply carry out the construction.
Another ingredient we need is some criterion that will ensure that a homeomorphism h ∈ H(Q) will be such that h[C F ] = C F .
Lemma Let F ⊂ P(ω) be a free filter. Assume that h ∈ H(Q) has the property that for every
By the triangle inequality it follows that A ∩ B ⊂ {n ∈ ω : |h(x)(n)| < 2 −m } so {n ∈ ω : |h(x)(n)| < 2 −m } ∈ F . This shows that h[C F ] ⊂ C F , the other inclusion follows in a similar way.
We will use the following special version of Lemma 5.2.
Lemma
Let F ⊂ P(ω) be a free filter, h ∈ H(Q) and D ⊂ s be countable dense. Assume that there is z ∈ C F such that for every d ∈ D and n ∈ ω,
Proof. From the product topology and the density of D it follows that for every x ∈ Q and n ∈ ω, |(x − h(x))(n)| ≤ |z(n)|. Also, given m ∈ ω,
So the result follows from Lemma 5.2.
Let X ⊂ Q. We will say that X is in general position if given x, y ∈ X with x = y then x(n) = y(n) for all n ∈ ω. This definition was used by Steprāns and Zhou in [19] 
Sketch of proof.
We leave out details which can be easily checked by the reader. By the Inductive Convergence Criterion it is enough to recursively construct a sequence of homeomorphisms and define h to be the limit of their composition.
For each n ∈ ω, let B n = {x ∈ Q : x(n) ∈ {−1, 1}}.
Then B(Q) = {B n : n ∈ ω} and B n is closed for each n < ω.
Claim: If F ⊂ s is a finite set in general position and p ∈ s \ F then there is f ∈ H(Q) such that f [F ∪ {p}] is in general position and f [B n ] = B n for each n ∈ ω.
In order to prove the Claim, in fact f will be a limit of a sequence of homeomorphisms as we describe next.
Given y ∈ F there exists n y < ω such that p(n y ) = y(n y ). Now fix any n ∈ ω. Now consider the projection π : Q → [−1, 1] {ny,y} . Then π(y) and π(p) are two different points of [0, 1] {ny,y} so there is a homeomorphism g y,n :
{ny,y} such that h y,n (π(p))(n) = h y,n (π(y))(n), and that is the identity in the boundary of [−1, 1] {ny,y} . Then define f y,n (x)(i) = x(i), if i / ∈ {n y , y}, and g y,n (π(x))(i), if i ∈ {n y , y}. so that f y,n ∈ H(Q).
Naturally, we may ask that each of these homeomorphisms are as close to 1 Q as we may wish. Further, notice that each of these homeomorphisms leaves B n fixed set-wise for every n ∈ ω.
In order to define f as required in the Claim, we need to take a sequence of homeomorphisms and take the limit of the compositions. However, as we take the limit, even though we are separating F from p, in the limit it may be that we loose this separation in some coordinate. So we need to make sure that this does not happen. For example, if x, y ∈ F ∪ {p} and n ∈ ω are such that x(n) = y(n), then in subsequent homeomorphisms we only have to make sure that the distance between x(n) and y(n) never lies below some positive threshold.
Thus, by taking an appropriate composition, we can obtain the homeomorphism f as required in the Claim.
By taking an appropriate sequence of homeomorphisms as in the Claim, it is not hard to find h ∈ H(Q) such that h[D] is in general position and h[B n ] = B n for each n ∈ ω. This implies that h[B(
To prove that h[K F ] = K F , we can refer to Lemma 5.2. It is not hard to argue that it is enough to prove that for every x ∈ Q and n ∈ ω, |h(x)(n) − x(n)| < 2 −n . In order to achieve this, it is sufficient that we are careful when constructing the homeomorphisms given above. For example, g y,n can be chosen as close to the identity as required by the coordinates y n and n.
Lemma Let F ⊂ P(ω) be a free filter and D, E ⊂ s be countable sets. Then there exists h ∈ H(Q) such that h[C F ] = C F , h[s]
= s and for all d ∈ D, e ∈ E and n ∈ ω, h(d)(n) = e(n).
Proof. Let π n : Q → [−1, 1] be the projection into the n-th coordinate for each n < ω. Given n < ω, there exists
Then if we define h(x)(n) = h n (x) for all x ∈ Q and n ∈ ω, h ∈ H(Q). As explained in the proof of Lemma 5.4, we only have to choose each h n , n ∈ ω in such a way that for all
Consider the following statement, where 0 < k < ω. Recall that ∂[ −1, 1] k denotes the topological boundary of [−1, 1] k .
( * ) k : Let A, B ⊂ (−1, 1) k be finite sets with A ∩ B = ∅, ǫ > 0, and e : A → B a bijection such that for every a ∈ A, a − e(a) < ǫ.
Statement ( * ) k is a generalization of strong n-homogeneity for all 1 ≤ n < ω where we require that homeomorphisms are as small as possible. Clearly, ( * ) 1 is false because any homeomorphism of an interval either respects the order or inverts the order.
Lemma
The statement ( * ) k is true for every 3 ≤ k < ω.
Proof. Let A = {a i : i < n}.
Since a connected open set of [−1, 1] k cannot be separated by sets of dimension 1, it is possible to recursively construct a pairwise disjoint sequence of arcs {α i : i < n} with diameter < ǫ such that α i has endpoints a i and e(a i ). Then it is possible to find a pairwise disjoint sequence of open sets
k and U i has diameter < ǫ for each i < k. In fact, we may assume that U i is homeomorphic to [−1, 1] k for each i < k. Then by homogeneity of k-cells, it is possible to construct h i ∈ H(U i ) such that
<ω is called a X -tree of finite sets if for each s ∈ T there is X s ∈ X such that for every a ∈ [X s ] <ω we have s ⌢ a ∈ T . It turns out that non-meager P -filters have a very useful combinatorial characterization as follows.
5.8. Lemma [14, Lemma 1.3] Let F ⊂ P(ω) be a free filter filter. Then F is a non-meager P -filter if and only if every F -tree of finite sets has a branch whose union is in F .
So naturally, the strategy of the proof will be to recursively construct a homeomorphism, and (analogous to the proof in [8] ) to construct z ∈ C F with the properties given in the statement of Lemma 5.3. However, we need some mechanism to connect z with the Cantor set so we can use Lemma 5.8.
Construct a Cantor scheme A = {A s : s ∈ 2 <ω } with the following properties
Given x ⊂ ω × ω and n ∈ ω, define x (n) = {i ∈ ω : i, n ∈ x}, and x (n) = {i ∈ ω : n, i ∈ x}.
We next define a function ϕ :
ω : given x ⊂ ω × ω and m ∈ ω we let ψ(A)(m) be the unique point in {A (x (m) ↾n) : n ∈ ω}. The proof of the following is left to the reader.
Lemma Let
We have all the ingredients necessary for our proof.
Proof of sufficiency in Theorem 3.7. Let F ⊂ P(ω) be a non-meager P -filter and D, E ⊂ C F be countable dense sets, we must find a homeomorphism h :
By Lemmas 5.4 and 5.5 we may assume that D ∩ E = ∅ and D ∪ E is in general position. It is also possible to assume that the set {|d(n) − e(n)| : n ∈ ω} is disjoint from the countable set of endpoints of elements of the Cantor scheme A. We consider an enumeration D ∪ E = {d n : n < ω}.
Let F ∈ F be such that ω \ F is infinite. We will assume that F = {3n : n ∈ ω} for the sake of a more simple proof. For each n ∈ ω, we let
{3n,3n+1,3n+2} .
For each n ∈ ω, we define the projection π n : Q → J n such that for all x ∈ Q, π n (x) = x ↾ {3n, 3n + 1, 3n + 2}.
Recall that it is posssible to define a metric in [−1, 1] 3 by
3 . We will be using this metric in each of the cubes J n . The reason we are grouping the coordinates in groups of three is that we will need property ( * ) 3 
ω\F , where F ↾ F = {x∩F : x ∈ F } is also a non-meager P -filter. So it is sufficient to have a condition like that of Lemma 5.3 only on the coordinates contained on F . In order to keep the proof more simple, we notice that it is enough to consider the following condition.
Let us give an outline of our proof. We will construct a F (ω) -tree of finite sets and we will have a homeomorphism that is a product of homeomorphisms in the spaces {J n : n ∈ ω} at each node. Each branch of the tree will define a homeomorphism h ∈ H(Q) such that h[s] = s and h[D] = E. By Lemma 5.8, there will exist one branch such that h also has the property that h[
Let us be more explicit now. We recursively define T ⊂ ([ω × ω] <ω ) <ω and for each s ∈ T we define m s ∈ ω, F s ∈ F (ω) , f s ⊂ D × E and a collection of homeomorphisms G s = {h (s) i : i ∈ ω} with the following properties.
(ii) The immediate successors of s ∈ T are {s ∪ { |s|, t } :
(x) Let s ∈ T and i < m s . For every x ∈ J i we have that
. We also assume that for each s ∈ T and i < m s , the sequence of homeomorphisms {h s↾m i
: m ≤ |s|} is chosen to satisfy the Inductive Convergence Criterion so that every branch will converge to a homeomorphism.
Before proving the construction is possible, let us notice an important consequence of items (iii) and (iv). Recursively, they imply that if b is a branch of T , then {b(n) : n < ω} is pairwise disjoint. But no only this, but b(n + 1) ⊂ ω × (m b↾n+1 \ m b↾n ) for all n ∈ ω.
So now let us assume that we have constructed the tree up to some s ∈ T with dom(s) = n and, as stated in (ii), given an immidiate successor s ′ = s ∪ { |s|, t } where t is a finite subset of F s . First, we define
We may assume that d ℓ ∈ D; the case when d ℓ ∈ E will be similar. So we have to choose the value of f s ′ (d ℓ ) ∈ E. We have to choose this element so that we do not break the promises we've made in conditions (ix), (x) and (xi). Thus, for each i < m s ′ we will define an open set V i of J i where we will want f s ′ (d ℓ ) ∈ E to be.
. By condition (x) and continuity, there exists an open set
Case 2: m s ≤ i < m s ′ . By the definition of s ′ , t and the function ϕ it is easy to see that ϕ(F s )(i) ≤ ϕ(t)(i). Here, it is important to notice that since t is a finite set, then ϕ(t)(i) is an endpoint of some (and many) of the elements of the Cantor scheme A. Further, by the choices in D and E that we made in the first step in the proof, it follows that the distances on the left sides of the equations given in (xi) cannot be equal to ϕ(t)(i). Then it follows that for k < n we have the following strict inequalities:
Then we define V = {x ∈ s : ∀i < m s ′ (π i (x) ∈ V i )}, choose e ∈ V ∩ E and we define f s ′ = f s ∪ { d ℓ , e }. It recursively follows that (v) is satisfied.
Next, we have to define
First, consider the case when i < m s and consider the definitions given above in Case 1. Then define h
It is easy to see that in this case (ix) and (x) will hold for s ′ .
Notice also, that we can take V i as small as we wish, and this will give us h s ′ i close to 1 Ji as needed by the Inductive Convergence Criterion. Now consider the case when m s ≤ i < m s ′ . Define B 0 = {k < ω : d k ∈ dom(f s )} and B 1 = {k < ω : d k ∈ im(f s }; then consider the two finite sets
Then f s ′ naturally induces a bijection r : H 0 → H 1 . Notice that here we are using our assumptions about D and E at the begining of the proof. Now, according to what was said in Case 2, for every a ∈ H 0 we have that a − r(a) < ϕ(t)(i). Here we use property ( * ) 3 that we defined above. Let h
Notice that, by the observations made before ϕ(t) = ϕ( {s ′ (j) : j < m s ′ })(i) in this case. This implies that items (ix) and (x) hold for s ′ . Finally, we are left to define F s ′ . Consider d k − e, since both d k , e ∈ C F it is easy to see that
By the choice of D and E at the begining of the proof, it is easy to see that |ϕ
The proof that the rest of the conditions hold with this definition is not hard. So this completes the recursive construction of the tree. Let b be a branch of T . For each i ∈ ω we define
which is a homeomorphism as we have discussed earlier. So finally, since F (ω) is a non-meager P -filter, there exists a branch y of T such that its union z = {y(i) : i ∈ ω} ∈ F (ω) . It is now easy to verify that the antescedent in property (⋆) holds. Thus,
κ is CDH when κ < p
As mentioned in the Introduction, in this section we provide a correct proof of the Steprāns-Zhou result that X κ is CDH when X is either [0, 1], 2 ω or R and κ < p.
Naturally, this proof is simpler because we do not need to consider any filter when constructing a homeomorphism. Moreover, we use an idea similar to the one in the previous section. Namely, [0, 1] is not rich enough and we need to consider homeomorphisms of [0, 1] k for some 1 < k < ω. In the previous section we needed property ( * ) k that we know holds if k is at least 3. For the proof in this section, we only need to work in [0, 1] 2 . This is because R 2 is strongly 2-homogeneous; as 2 ω also is. And in [0, 1] 2 we have a similar property: given x, y, z, w ∈ (0, 1)
2 with x = y and z = w there exists a homeomorphism h :
We will leave most of the details of this proof to the reader. Also, we will work with the case X = [0, 1], the other cases are similar and will be left to the reader. For each α < κ, let J α = [0, 1]
2 , we will prove that Π = α<κ J α is CDH.
P(s, m, k, τ ) = {p ∈ P : f p = s, n p = m, ∀α ∈ F p (2 −(k+m) < δ({e(α) : e ∈ im(F p )})), ∀α ∈ F p (ς(h p α , τ α ) < 2 −(k+m+3) ) .
It is easy to see that P = {P(s, m, k, τ ) : s ∈ S, m, k ∈ ω, τ ∈ H}.
Now fix s ∈ S, m, k ∈ ω and τ ∈ H, we will prove that P(s, m, k, τ ) is centered. Take a finite subset {p i : i < n} ⊂ P(s, m, k, τ ). Define F ′ = {F pi : i ∈ ω}, which is a finite subset of κ.
Fix α ∈ F ′ . For each d ∈ dom(s), we define B(d, α) = {x ∈ J α : τ α (d(α)) − x ≤ 2 −(k+m+3) }.
Notice that τ α (d(α)) and s(d)(α) are both elements of B(d, α). Also, it is not hard to see that {B(d, α) : d ∈ D} is pairwise disjoint. Define g α ∈ H([0, 1]
2 ) in such a way that g α (τ α (d(α))) = s(d)(α) for each d ∈ dom(s) and g α restricted to J α \ {B(d, α) : d ∈ dom(s)} is the identity. Clearly, we may also assume that g α ↾ ∂[0, 1] 2 = 1 ∂[0,1] 2 . Let us define q ∈ P that will be a common extension for all {p i : i < n}. Let f q = s, n q = n p + 1, F q = F ′ . If α ∈ F q , let h q α = g α • τ α . Finally, if α ∈ κ \ F q then h q α = 1 Jα . That this is indeed a common extension will be left to the reader. This completes the proof that P is σ-centered.
So now we have to consider the following dense subsets of P.
Q(e) = {p ∈ P : e ∈ im(f p )} for e ∈ E, R(n) = {p ∈ P : n p ≥ n} for n ∈ ω, and S(α) = {p ∈ P : α ∈ F p } for α < κ.
We will leave the proof of density to the reader, who will surely find this proofs similar to the arguments in the previous section. In particular, in order to prove the density of the first two families of sets, the homogeneity property of [0, 1] 2 mentioned above must be used.
Assume that G is a filter in P that intersects all dense sets above. First, it easily follows that f G = {f p : p ∈ G} is a bijection from D to E. It only remains to prove that f G extends to a homeomorphism of Π. In order to achieve this, we need to prove that the homeomorphisms in each condition converge to some homeomorphism.
Fix α < κ, let p 0 ∈ G be such that α ∈ F p0 . For each n > n p0 we define K n = {h p α : p ∈ G, p ≤ p 0 , n < n p }, which is a subset of H(J α ). Let p, q ∈ G with p, q ≤ p 0 . Then there exists r ∈ G with r ≤ p, r ≤ q. By the definition of the partial order, ς(h It follows that h G is a homeomorphism. We leave the proof that f G ⊂ h G to the reader. This concludes the proof.
Higher cardinalities
In this section we would like to pose questions about higher cardinalities. From the Hewitt-Marczewski-Pondiczery Theorem, we know that 2 κ is separable if and only if κ ≤ c. So we may ask for an extension of the theorem by Steprāns and Zhou ( [19] ).
7.1. Question (Michael Hrušák) Find all free filters F ⊂ P(ω) and cardinals ω <≤ κ ≤ c such that F κ is CDH.
Naturally, the next question is whether there is an uncountable space X such that C p (X) is CDH. Here we nominate a specific space for this role.
Let ω ≤ κ ≤ c and F a free filter on ω. We define a space X F ,κ = (κ × ω) ∪ {∞} such that κ × ω is discrete and a neighborhood of ∞ is of the form {∞} ∪ ( {α × A α : α < κ}) such that A α ∈ F for all α < κ.
